A half-arc-transitive graph is a vertex-and edge-but not arc-transitive graph. A weak metacirculant is a graph admitting a transitive metacyclic group that is a group generated by two automorphisms ρ and σ , where ρ is (m, n)-semiregular for some integers m ≥ 1 and n ≥ 2, and where σ normalizes ρ. It was shown in [D. Marušič, P. Šparl, On quartic half-arc-transitive metacirculants, J. Algebr. Comb. 28 (2008) ] that each connected quartic half-arc-transitive weak metacirculant X belongs to one (or possibly more) of four classes of such graphs, reflecting the structure of the quotient graph X ρ relative to the semiregular automorphism ρ. The first of these classes, called Class I, coincides with the class of so-called tightly attached graphs. Class II consists of the quartic half-arc-transitive weak metacirculants for which the quotient graph X ρ is a cycle with a loop at each vertex. Class III consists of those graphs for which each vertex of the quotient graph X ρ is connected to three other vertices, to one with a double edge. Finally, Class IV consists of those graphs for which X ρ is a simple quartic graph. This paper consists of two results concerning graphs of Class II. It is shown that, with the exception of the Doyle-Holt graph and its canonical double cover, each quartic half-arctransitive weak metacirculant of Class II is also of Class IV. It is also shown that although quartic half-arc-transitive weak metacirculants of Class II which are not tightly attached exist they are ''almost tightly attached''. More precisely, their radius is at most four times their attachment number.
is referred to [6, 9, 11, 12, 15] and the references therein). However, despite all the efforts there are still numerous questions about these graphs that need to be answered. Indeed, even the family of quartic half-arc-transitive graphs, which was studied the most, seems to be too rich to be completely classified. We are thus forced to restrict ourselves to some of its subfamilies.
One of the possible directions to take was proposed in [12] where the investigation of quartic half-arc-transitive weak metacirculants was initiated. (A weak metacirculant is a graph admitting a transitive metacyclic group ρ, σ where ρ is a semiregular automorphism normalized by σ .) It was shown that every quartic half-arc-transitive weak metacirculant belongs to one (or possibly more) of four classes of such graphs, reflecting the structure of the quotient graph relative to the semiregular automorphism ρ. (The four classes are described in Section 2.) In [12] two of these classes (Class I and Class II)
were thoroughly investigated. In particular, it was shown that Class I coincides with the class of so-called tightly attached graphs, which have already been completely classified [10, 14] . (Quartic tightly attached graphs were introduced in [10] as quartic half-arc-transitive graphs in which two nondisjoint alternating cycles meet in precisely half of their vertices; see Section 2 for a precise definition.) The investigation of quartic half-arc-transitive weak metacirculants was continued in [15] where Class II was completely classified. Nevertheless, the question of how the four classes of quartic half-arc-transitive weak metacirculants relate to each other has not received much attention until now. It is this question that this paper is concerned with. In particular we focus on Class II and its connection to Classes I and IV.
The following are the main results of this paper. The graphs Y(m, n; r, t) are defined in the following section.
The paper is organized as follows. In Section 2 notation is fixed, some results from the literature that will be needed in the subsequent sections are stated, and the four classes of quartic half-arc-transitive weak metacirculants and the graphs Y(m, n; r, t) are introduced. Then Sections 3 and 4 are devoted to the proofs of Theorems 1.1 and 1.2, respectively.
Preliminaries
We start by introducing basic notation that will be used throughout the rest of this paper. Let X be a graph. The fact that u and v are adjacent vertices of X will be denoted by u ∼ v; the corresponding edge will be denoted by uv. In an oriented graph the fact that the edge uv is oriented from u to v will be denoted by u → v. In this case the vertex u is referred to as the tail and v is referred to as the head of the edge uv.
Let m ≥ 1 and n ≥ 2 be integers. An automorphism of a graph is called (m, n)-semiregular if it has m orbits of length n and no other orbit. We say that a graph X is an (m, n)-weak metacirculant graph (in short an (m, n)-weak metacirculant) if there exists an (m, n)-semiregular automorphism ρ of X , together with an additional automorphism σ of X normalizing ρ such that ρ, σ is transitive. Note that this implies that σ cyclically permutes the orbits of ρ. To stress the role of these two automorphisms in the definition of X we shall say that X is an (m, n)-weak metacirculant relative to the ordered pair (ρ, σ ). A graph X is a weak metacirculant if it is an (m, n)-weak metacirculant for some m and n. Note that a weak metacirculant is a generalization of a metacirculant, introduced by Alspach and Parsons [2] , which is a weak metacirculant in which σ m fixes at least one vertex. We remark that an (m, n)-weak metacirculant need not be an (m, n)-metacirculant. For instance, it can be seen that the graph Y(10, 100; 11, 90) (the Y(m, n; r, t) graphs are defined in the next paragraph), which is in fact a halfarc-transitive (10, 100)-weak metacirculant, is not a (10, 100)-metacirculant. Let us also point out that half-arc-transitivity of some special families of metacirculant graphs has been considered before (see for instance [9, 13, 19] ). In particular, the papers [9, 19] consider graphs of prime power order, allowing a much more group-theoretic approach.
We now present a family of quartic weak metacirculants that will play a central role in this paper. For each m ≥ 3, n ≥ 3, r ∈ Z * n and t ∈ Z n , where r m = 1 and t(r − 1) = 0, let Y(m, n; r, t) be the graph with vertex set V = {u
and edges defined by the following adjacencies:
(Here Z n denotes the ring of residue classes modulo n and Z * n denotes the multiplicative group of the invertible elements of Z n .) Observe that the permutations ρ and σ , defined by the rules
are automorphisms of Y(m, n; r, t). Clearly ρ is (m, n)-semiregular and ρ, σ is transitive. Moreover,
and so Y(m, n; r, t) is a weak (m, n)-metacirculant relative to the ordered pair (ρ, σ ). We remark that the Doyle-Holt graph, the smallest half-arc-transitive graph (see [1, 5, 8] ), is isomorphic to Y(3, 9; 4, 6) whereas its canonical double cover, which is also the smallest graph in the family of graphs constructed by Bouwer [3] , is isomorphic to Y (3, 18; 7, 15) . Note that each graph X = Y(m, n; r, t) admits the following orientation consistent with the action of ρ and σ . We let u 
Let us now introduce the four classes of quartic half-arc-transitive weak metacirculants. Let X be any connected quartic half-arc-transitive weak (m, n)-metacirculant relative to the ordered pair (ρ, σ ). Denote the orbits of ρ by X i , where i ∈ Z m , in such a way that X i σ = X i+1 and let d inn denote the valency of the subgraphs induced on X i . Furthermore, let X ρ denote the corresponding quotient (multi)graph relative to ρ, whose vertex set is the set of orbits of ρ with orbits X i and X j connected by d edges whenever each vertex of X i is adjacent to d vertices of X j . In [12] it was shown that X belongs to one (or possibly more) of the following four classes of graphs.
• Class I. The graph X belongs to Class I if d inn (X) = 0 and each orbit X i is connected (with a double edge) to two other orbits. In view of connectedness of X , we have that X ρ is a ''double-edge'' cycle.
• Class II. The graph X belongs to Class II if d inn (X) = 2 and each orbit X i is connected (with a single edge) to two other orbits. In view of connectedness of X , we have that X ρ is a cycle (with a loop at each vertex).
• Class III. The graph X belongs to Class III if d inn (X) = 0 and each orbit X i is connected to three other orbits, to one with a double edge and to two with a single edge. Clearly, m must be even in this case and an orbit X i is connected to the orbit X i+ m 2 with a double edge. In short, X ρ is a connected circulant with double edges connecting antipodal vertices.
• Class IV. The graph X belongs to Class IV if d inn (X) = 0 and each orbit X i is connected (with a single edge) to four other orbits. In short, X ρ is a connected circulant of valency 4 and is a simple graph.
As mentioned in the introduction Class II was completely classified in [15] . The classification is given in the following proposition. We conclude this section by introducing the radius and attachment number of a quartic half-arc-transitive graph. Let X be a quartic half-arc-transitive graph and let D(X ) be one of the two (paired) oriented graphs associated with X in a natural way via the half-arc-transitive action of AutX . It was shown in [10] that the length of every alternating cycle, that is a cycle whose every two consecutive edges have opposite orientations, is the same. Half of this length is called the radius of X . Next, any two alternating cycles with nontrivial intersection meet in the same number of vertices. This number is called the attachment number of X . If the attachment number of X coincides with the radius of X then we say that X is tightly attached.
The attachment number and the radius of Class II graphs
As already mentioned it was shown in [12] that the class of connected quartic tightly attached half-arc-transitive graphs coincides with Class I of connected quartic half-arc-transitive metacirculants. Moreover, not every graph of Class II is of Class I (although many are). In fact, in [12] an infinite family of Class II graphs that are not tightly attached (and thus not in Class I) was constructed. Nevertheless, by Theorem 1.1, which we now prove, even if a Class II graph is not tightly attached it is ''very close'' to being tightly attached.
Before proving Theorem 1.1 let us recall the following result from [10] . 
Proposition 3.1 ([10, Proposition 2.6.]). Let X be a connected quartic half-arc-transitive graph of radius R and let C
= v 0 v 1 v 2 .
. . v 2R−1 be an alternating cycle of X . Then there exists a divisor d of
2R, such that V (C) ∩ V (C ) = {v jd : 0 ≤ j < 2R d },
When is a Class II graph of Class IV?
In this section we prove Theorem 1.2. Let X = Y(m, n; r, t) be a connected quartic half-arc-transitive weak metacirculant of Class II, where m, n, r and t satisfy the conditions of Proposition 2.1. Throughout this section let ρ and σ be as in (2) In what follows we will prove that, except when X is isomorphic to one of the graphs Y(3, 9; 4, 6) and Y (3, 18; 7, 15) , there exists some a ∈ {0, 1, . . . , d m − 1} such that X is a weak metacirculant of Class IV relative to the ordered pair (ρ , σ ) = (σ ρ a , ρ). The proof is split over a series of lemmas. Proof. Suppose such an a ∈ {0, 1, . . . , d m − 1} exists and let ρ = σ ρ a and σ = ρ. Clearly ρ, σ = ρ , σ , and so ρ , σ is transitive. As ρ, σ is regular, ρ is semiregular. Let n be the order of ρ and let m = mn n so that ρ is (m , n )-semiregular. Let us denote the m orbits of ρ by X 0 , X 1 , . . . , X m −1 in such a way that X i σ = X i+1 holds for all i and that u 0 0 ∈ X 0 . We now show that σ normalizes ρ which implies that X is a weak metacirculant relative to the ordered pair (ρ , σ ). Observe first that (4) implies
Combining together items (i) and (vii) of Proposition 2.1 we have that d m (r − 1) = 0 in Z n , and so r − 1 = t + aα implies that there exists some b 0 ∈ {1, . . . Thus (4) implies that
, that is, σ normalizes ρ , and so X is a weak metacirculant relative to the ordered pair (ρ , σ ). We now only have to prove that the ordered pair (ρ , σ ) gives rise to a Class IV representation of X , that is, we need to show that the orbit X 0 is adjacent to four different ρ -orbits. Let D(X ) be the oriented graph corresponding to the half-arctransitive action of AutX in which the orientation of edges is as in (5).
We first show that the ordered pair (ρ , σ ) does not give a Class I representation of X . Suppose on the contrary it does. We finally show that the ordered pair (ρ , σ ) does not give a Class III representation of X , which then proves that it gives a Class IV representation of X . Suppose then that the ordered pair (ρ , σ ) gives a Class III representation of X . Since in this case ρ has at least four orbits and since the neighbors u Case 1: a ∈ r − 1 . In this case aα = 0, so m = t = r − 1 . Since t + a α is the only other generator of r − 1 = t , we must have that t + a α = −t, that is 2t + a α = 0. Then a + 1 ∈ r − 1 implies that a α = (a + 1 − 1)α = −α, and so 2t = α. Since 4t = 2α = 2m we cannot have r − 1 ∼ = Z 4 . If r − 1 ∼ = Z 3 , then d m = 3 and α = m, so a α = −α implies that a = 2. Hence 3 = a + 1 ∈ r − 1 implies that m = 3 and so X ∼ = Y(3, 9; 4, 6) is the Doyle-Holt graph. If however r − 1 ∼ = Z 6 , then d m = 6. Thus 2t = α and a α = −α implies that a is one of 2 and 5, so a + 1 ∈ r − 1 forces 6 ∈ r − 1 . If m = 3 then n = 18, but then r − 1 = m implies that r ∈ {4, 16}, contradicting r ∈ Z * n . Hence m = 6, n = 36, t = 30 and α = 24. But in this case t + 2α = 6 = r − 1 and neither 3 = 2 + 1 nor 4 = 2 · 2 is in r − 1 . Taking a = 2 in Lemma 4.1 we thus find that X is of Class IV, as claimed.
Case 2: a ∈ r − 1 .
Note that we can assume that t = r−1 since otherwise we can replace a by 0 and proceed as in Case 1. This implies that aα = 0, and so n is even and aα = n 2 (recall that 2a ∈ r − 1 , forcing 2aα = 0). We therefore have t + , and so 6t = 0. Thus 6m = 0, which finally implies that n = 18 and X ∼ = Y (3, 18; 7, 15) .
This completes the proof.
Conclusions
The results of this paper have the following interesting corollary. By Theorem 1.1 the Doyle-Holt graph Y(3, 9; 4, 6) and its canonical double cover Y(3, 18; 7, 15) are both tightly attached and are thus of Class I. Combining together Theorem 1.2 and the results from [16] , where it is shown that each connected quartic half-arc-transitive weak metacirculant of Class III belongs to Class I or Class II, we thus have that each connected quartic half-arc-transitive weak metacirculant belongs to Class I or Class IV. As was mentioned in the introduction Class I has already been completely classified (see [10, 14] ). What remains to complete the project of classifying all connected quartic half-arc-transitive weak metacirculants is thus to classify Class IV graphs.
